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ABSTRACT

The deep-bar rotor induction motor is one of the moat popular

motors in the high starting-torque group of three-phase squir-
rel-cage induction motors. This motor is commonly fitted with

deep-bars,of the wedge-form,on the rotor-side., Optimising the

dimensions of these bars is a tedious work,especially when the
motor is required to exert a strting-torque which exceeds the

normel range.

This paper presents a computer alded design of the wedge-type
rotor-bar to fulfill this requirement, The design concept,re-
lating the bar-dimensions to the baslc group of the motor spe-
cifications,is given by teking into consideration the skin
-effect just at starting. The 1terative method employed to ob-
tain the proper crosgs-section area of the conductor ,as well
as the method of checking the preliminary dimensions, are also
explained in this paper.

The design process 1s written 1n form of a digital program
which gives,for a given output power,the proper bar-dimensions
for an extended range of starting-torque ratios. The results
show that for a given output power,e starting-torque ratio
higher than usual can be obtained on the expense of a little
increase in the starting-current ratio,

0.0 NOMENCLATURE

V1 := rated phase voltage of stator,volis;

In- := rated phase current,amps;

IE,sc phase short-circuit current of rotor at 5—1 , BMpPS;
1}4 := per-phase magnetising-current,amps;

14¢ := relative magnetising-current = I/ 1,

Pn := rated output power,kW;

f1,f2.— stator-and rotor-frequency,respectively;

B := rotor-slip,per unit;

STR 1= sta¥ting-torque ratio;
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.SCR 3= starting-current ratio;
:= number of rotor slots;

S

Bf := the upper bar-width,mm;

bo := the lower bar-width,mm;

bO.S 3= the bar-wldth at the middle of hpr , M3

b1 := the lower wildth of the equlivalent slot,mm;

& t= conductivity of the bar—material,m/(mmz.ohm);

H := the actual bar-height,mm;

hpr := penetration depth due to reslstance variation;
hpi := penetration depth due to inductance variation;
J2 := rotor-side current-density under running conditions;
Kw1 := fundamental winding-factor of stator;

(Kr)s=1== resistance coefficlent at starting ;rac/?dc;
(Ky)g.qt= inductance coefficient at starting =}hc/)ac;

1 t= length of iron-core without air-ducts,m;
(Pc)l,sc and QPc)2,sc := stator and rotor copper-losses,

respectively,both are determined at s = 1;

ry := bar-resistance,including the appertaining
end-ring portion;
Tho 17 regsistance of the bar-portion outside the iron-core;

Ty - := resistance of the bar-portion embeded in the iron-core;
r i= bar-resistance at a = 1 ;

Tae 3 bar-resistance under running conditions;

Z1 := number of stator-conductors per phase;

= the ratio bI/bo or b1/b.i ,respectively:

g
i
)hc or ?hc := ppecific permeance of the equivalent or
_ actual slot,respectively;

BO or

1,0 INTRODUCTION

High starting-torque squirrel-cage induction-motors are usually
fitted with deep-bar rotors. They are more simpler than the
double-cage rotors {11. Under the well known shapes of the deep
bars; the wedge-bar finds a good resonance and common use.A deep
-bar rotor can readily be designed to have an effective resis-
tance at starting several times greater than its dc resistance.
As the motor accelerates,the motor frequency decreases and the
rotor effective recsistance decreases accordingly to reach almost
its de¢ value at rated slip.

The machine designer makes here use of the inductive effect of



the slot leakage flux on the current distribution in the deep
-bar in order to emnsure the above variations in the rotor re-
sistance [3,41. This effect is basically the same as the gkin
and proximity effects in any system of conductors having alter-
nating currents. At starting where the rotor-frequency 1s equal
to the stator-frequency,the bar-current is forced toward the
top of the bar resulting in an increase in the etfective-resis-
tance and a smaller decrease in the eftective leakage induc-
tance of the bar., Since the distortion in the current distrib-
ution depends on an inductive effect,the effective rotor-resis-
tance is function of the rotor frequency which varies from
1‘2=f.| at starting to fz-—-sf1 under running conditions. This re-

pistance is also function of the permeability and conductivity
ofthe bar-material,as well as of the bar-dimensions and the
wedge-ratio B8,[2,6), Accordingly,the machine designer is oblig-
ed to determine these dimensions precisely 1n order to get the
proposed starting conditions,and & good performance at rated
slip., It is a tedious work especlially when the motor is requir-
ed to exert a higher starting-torque which exceeds the normal
range.

The followling study aims to obtain a computer aided design of
the wedge-type rotor-bar. For this purpose the main group of
motor specifications are assumed to be known, In addition,the
study assumes that the main dimensions,as well as the electric
design of the gtator-side,are settled. For each STR within an
extended range,the proposed design is to be processed in two
stages. In the first stage the preliminary dimensions of the
bar are to be determined, In the second stage,these dimensions
are to be checked and adjusted inorder to get their final or
proper values,

2,0 PRELIMINARY BAR-DIMENSIONS

These dimensions must satisfy the main group of motor specifica-
tions;such as : P, , SCR , and STR. 1t follows now a brief dis-
cussion of the hagic relations pertaining this stage of the de-
sign process. The discussion is ended with the relevant design
steps.

2.1 Relation Between (Kr)B=1‘and H

The tendency of the bar-current to flow through the upper-por-
tion during the starting-period,results ir an equivalent-bar and
in an equivalent-slot {3]. They determine the effective bar re-
8istance and the glot-inductance during this period,respectively.
The depth of either the equivalent-bar or the equlvalent-slot is
equal to hpr or hpi ,regpectively:

By ¥ (10mm)/ /5. (£,/50) .(g/50) (1)

hpi = (15 mm)/ 8.(£,/50).(g/50) (2)
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Both depths are measured from the conductor upper-edge. Under
running conditions,either of them becomes equal to the actual
bar-depth,H.

Copper is usually used to build deep-bar cages because of its
,relatively, high conductivity. At starting,s=1,and taking the
effects due to temperature variations during this period into
congideration; g can be taken,in average,equal to 50. Also,un-
der the assumption that the supply frequency is 50 Hz,at s=1
the rotor frequency f2=f1=50 Hz, Accordingly

(hp)g.q = 10 mm (3-a)

thi)

R

B=1 15 min (B—b)

The adjustment of STR to suit a proposed value depends mainly
on the adjustment of the existing bar-resistance at s=1 ' Tao*

This resistance can be related to the bar-resistance under
running conditions,r, ,by the resistance coefficient (Kr)s=1

which is equal to the ratio rac/rdc . Thisg coefficlent gives

,at starting,how many times the resistance of the bar,as well
as of the rotor,is greater than its resistance under running
conditions.

Consequently,the starting-torque-ratio depends on (Kr B=1. °
Larger values of STR require also that (K.)_ _, must " 'be
larger, It can be determined by the ratio of the actual-bar
area to the egquivalent-bar area:

(Rpgoq = CH o (by +5)/2)/C(h )0 4bg 5} (4)

Asg (hpr)B=1 = 10 mm , the width bg,5 can be determined by:

bg,5 = by + 5(b - b,)/H (5)
Substituting for b, . in equation(4),taking into account that

B=b1/b0 ,an explicit relation for H in terms of B and (Kr)a=1
can be derived:

a.H2 + b.H + ¢ =0 (6)
where

a= (1 4+ B)/20 (7-a)

b= - B.(K.),_4 (7-b)

- 5(1 = B).(K.)__, (7-¢)

This second order simultaneous equation has two solutions;from
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which the non-zero positive solution is accepted. Figure(1) shows
the family of curves which gives the relation between H and
(K )a 1 while 8 is teken as a parameter. This relation is nearly

linear,especially for 87/0.5 . The conductor height H will be

equal to (hpr)B=1 =10 mm for (K ) =1 ; irrespective of the

value of 8. Equation(é) is helpfull in obtaining the wedge hei-
ht for a given 8 and a predetermined resistance-coefficient
% which corresponds to a given STR.

2.2 Relation between (Kr)s=1 and STR

The starting-torque ratio can be expregsed as the ratic of the
rotor copper-loss at s=1 , to the rated output power [3,51.
Thereby,the stand-still rotor copper-loss can be stated by the
following relation:

1%

(32 2,8c

.rb)10'3 = (STR).P_ (8)

in which,the bar-resistance at starting 1is:
Ty = Tho t Tpie (Koo g (9)

Substituting eq.(9) in eq.(8),a relation for (K ) can be de-
rived as:

3
(\Kr)B=1 = (Pno‘lo )O(STR)/(S

2
2:15 gc Tpi) = (Tpe/Tpy)
(10)

This equation relates (K.)

to the main group of motor speci-
fications: P

STR ,and 5=1 SCR. The starting-current ratio

n »
takes a part in the determinastion of 12 ac®
3
2.3 Determination of I2.sc and Ido

A congequent result of the skin-effect on the rotor parameters
is that they are no more constant during the starting period.
Accordingly,the rotor-current (in turn the stator-current) will
agsume different locl between s=1 and $=0. These loci are con-
vergent [31 and assume nearly the same circle as s approaching’
2ero. From all corregponding circle-diagrams,the circle-diagram

at s=1 will be taken to determine the preliminary 12 sc and Ido
Figure(2) shows the basic-sketch of this circle- diagram in which:
(P )1 , 8¢ = 3:11,Bcor1 (11-3)
- 3
(Pclz,sc = (STR).Pn.10 (11-b)
11’80 = (SCR).In (12)
1 =

Ad %}J'In (13)
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where r, 3= the per phase stator-resistance,and i1, 0.45-0.55
for high starting-torque squirrel-cage induction motors.

T
h(_E:_)2,sc
Ii,8¢ T '
5 2,8¢ ﬁh(;IPC)hEC
F’;ﬂ+{ Iao -

Fig.(2): Basic-sketch of circle-diagram at s=1.

Taking the appropriate scales for both current end power,the

above sketch can be constructed to cobtain Ib sc and I&O;either

graphically or digitally. The preliminary 1, sc and Ido can be
L
determined as follows:

Ia,ac = u.Ié’sc and Tio = ueli, {14)
where u is the transformation-ratio [3] :
(Z1-Kw1/(52/3))-(1 + O.SLu/IaO) (15)

2.4 Crosg-Section Area of the Bar

The determination of both the dc resistances: Tho and T, req-
uires the knowledge of the cross-section area of the bar Ab. For
first trial a preliminary value of this area,Aa,will be taken as

8 ratio of the gross cross-section areas of the stator-slot con-
ductors Ay g
’

2

Ab = Y . AB,‘I . Ppilii] (16)
The ratio v is to be determined by:
v o= L’o(yB 5/ Yg, ") (17)

where Yg A and Yg ,2 are the slot-pitch of the stator and rotor,

reapectively,and u is the ratio between the rotor-side to the
stator-gide copper-sheet heights. It can be taken equal to about
0.7 to 0.8 .

Equation(16) gives a preliminary value of the bar cross-section
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area which will be used to start the digital computation of the
preliminary dimengions: H , bO ,and b1 . With the resulting bar

dimensions,a new value A, will be determined to start with it

again the calculation process of the prelimlnary dimensions.Such
an iteration procedure will be stoped when the difference bet-
ween two successive values of Ay 1s too small.

2.5 Bar-width at the Middle of hpr

The knowledge of this width,b0 5,enables to determine the upper
and lower widths,b1 and b0 respectively,for given B and Hj;accor-

ding to equation(5). Of course,it must ensure the main group of
motor speclifications: P, » STR and SCR. An explicit relation for

ho 5 in term of thegse specifications can be derived as follows:
Having (K }__, from eq.{4) into eq.(9) ,the bar-resistance can
he rewritten as:

ry =T+ 1/(th

bo pr)s=1‘b0.5°g)
Substituting thia relation in eq.(8) and solving for b

i
results that: 0.5 t

2
bo.5 = 1/L(hpr)8=1.g)/(STR.Pn.103/(52.1 ) -y 0) (18)

2,8¢

2.6 Design Procedure

In order to get the preliminary bar-dimensions,assume 8 to have
a proper value of 0.5 and process the following design steps:

1 gt Step:

1. Construct the basic-sketch of the circle-diagram at s=1;
according to eqs. (11),(12)and(13). Determine 1} and
1}, from it. »S¢

2. Determine the transformation ratio "u",by which the pre-
liminary currents I, and 1, can be determined,

2 nd Step:

1. Determine the preliminary crogs-section area AE yaccording
to eq. (16),thereby the dc resistances ryo.and © r . can be
determined, ° t

2. Determine (Kr)B=1 ; using equation{10).

3. Determine the preliminary H by solving equation(6).
4. 1f H is greater than its upper limit %= 80 mm) :
(a) reduce B by a suitable increment,then go back to
point (3) in the second step and process forward,
or (b) increase SCR hy a suitable increment,then go back
to the first step and proceas forward.

,8¢C

3 rd Step:
1. Determine the bar-width bg.5 ; according to equation{18).
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2, Equation(5) ylelds that:

bO = b0.5 / (B + 5(1 - B)/H) )m-m (19)
Use this relation to obtain b0 , thereby:
b, =8 . by ,m (20}

This way,the preliminary bar-dimensions are determined to
correspond to Ag .

3. Approach with the above bar-dimensions ,through an itera-
tive process, the proper cross-section area &b . Check the

the difference hetween two successive values of Ab . 1f the
difference is too large , put AB = A, then go back to the

b
second step and process forward. Check also for Js .

3.0 PROPER SLOT- AND BAR-DIMENSIORS

In the above analysis the basic-sketch of the circle-diagram at
8=1 has been constructed to obtain 12 se and Ido in accordance
b ]

with the moior specificatios P ,S5CR and STR. The first current

has been used while determining the preliminary bar-dimensions,
They are also the dimensions of the rotor-slot portion subjec-
ted to the bar-current. Finel dimensions of the rotor-slot,in-
cluding the tooth-tip,can not be decided before the diameter
current 1s checked and settled values of the bar-dimensios are
obtained, This time,the dlameter-current is to be determined
through the ideal reactance Zi at s=1 ; as follows:

I, =V, /X (21-a)
and -1 1 i
In this relation Zi = X, + xéo ,mhere X, ig the per phase lea-

kage reactance of the stator and xéo is the per phase leakage

reactance of the rotor referred to the stator-side. The resul-
ting diameter—current,ld,must be the proper wvaluve which ensures

alao the proposed motor specifications, Therefore,it will be
compared with Ido and an adjustment procedure may be carried out

to get I; equal to Lio °

3.1 The Inductance Coefficient CKi)s=1

As the rotor-glot is a tapered-slot,its leakage-reactance con-
slats mainly of two parts: the leakage-reactance of the tooth
tip,and the leakage-reactance of the lower slot-portion which
is subjected to the bar-current. At starting,s=1,the second
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part of this reactance is function of the specific permeance of
the equivalent slot ?hc ,which can be determined by:

Under running conditions,the same part is function of the speci-
fic permeance of the actual slot )Hc :

N, = ¥(B).H /(3.b)) (23)

In this equation, y(B8) is the form-factor which can be deter-
mined by:

y(B) = 38/((1 - B8)(1 - 132))(111(1/3)/(1 - 32)—0.75+o.2532)

Similarly, y(ﬁi) can be determined by substituting B, (24)

instead of 8 in the same relation,eq.(24) . The lower-width of
the equivalent slot,required to get Bi,can be determined by:

by = by + (by = by).Chyy) /8 (25)

‘The form-factor gives the specific permeance of the current sub-
Jected slot-portion having a tapered-form,in term of the speci-
fic permeance of a current subjected slot-portion having a reci-
angular-form with the same height and upper-widih.

a=1

How,the ratio 730/)50 is the inductanc coefficient (Ki)s=1 which

reflect the effect of crowding the bar-current towards the upper
top at stariing., According to eqs.(22)and(23),this coefticient
can be determined by the following relation itaking into conside-
ration that (hpi),s_1 = 15 mm :

(K.) = (15/H) . (3(8,)/y(8)) (26)

i'a=1

3.2 Variation Of—£K1)5= With H

1
Equation (26) reveals that the relation between (Ki)sz1 and H is
also dependent of the ratio y&Bi)/y(B}. Both form-factors are

elgo function of H : In accordance with y(8),it can be stated
here that ,for a given STR, any variation in the wedge-height H
must be accompanied by a corresponding variation in the wedge-
ratioc 8 in order to hold the cross-section area of the bar con-
stant at a proper value. Thereby,it can be ensured that the ro-
tor copper losses under running conditions will not be affected
by the proposed STR. In accordance with y(ﬁi),the equivalent

slot ratio B; can be expressed at starting as a funciion of 8
and H :

B, =8/ (8+ (1 -8).(h

51) e 1/H) (27)
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Accordingly and for a given H , the relation between Bi and 3

at starting cun be found,Fig.(3). The wedge-height H had been
varied from H=(hpi)s=1=15 me,to 100 mm, It is seen that for

H=15 mm,the relation between both ratios is linear;ﬁi=3 . For
H»>15 mm, the relation becomes non-linear and all curves of Bi

will converge the gpame value B.,=1 at B=1. This means that for a
rectangular bar 8;=8=1 , irreaﬁective of H,

Figure(4) shows the relation between y(B;) and the wedge-ratio
g. As Bi=B for H=15 mm,it can be concluded that for this bar
-height y(Bil=y(B). For H>5 mm and the same 3, y(Bi) will be

larger than the corresponding y{B8) ; but it converges unity for
valuea of B>0,5,1irrespective of H. Accordingly,thbe ratio y(ﬂi)/

y{8). will be greater than 1 for H»15 mm,Fig.{(5);but it conver-
ges algo unity for values of B8>0,.5,irrespective of H.

Now,as the variation-nature of the ratio y(8;)/y(8) with B for
a given H is explained, the variation of (Ki)s=1 with H,accord-

ing to eq.{26),can be depicted as in Fig.{(6). It is seen that
{Ki}s=1 = 1 for H=15 mm and irrespective of 8, This means that

the variations in the slot-inductance,due to skin-effect, will
not be exdsting. Recalling the value of (Kr)ﬂ___1 under the same

conditions,it will be found to be equal 1, Therefore,wedge-bars
must be constructed with H greater than 15 mm in order to main-
tain 2 corresponding increase in the starting~torque. Taking 8
as a parameter,Fig.(7) gives the relation between (K1)5=1and H.

Both figures,Fig.(6)and(7),show that for a given H remarkable
variations in £Ki)s=1 are not observed for the range 0.5<81.0.

In this range of B8, the coefficient £K1)8=1 seems to be constant.

3.3 Adjustment Of The Diameter Current I,

It is well known that the specific-permeances of the leakage
paths existing in the machine,determine its ideal-reactance
xi = Xy ¥ X5 . An effective part of these permeances at s=1

is the specific-permeance of the rotor-slot including the too-
th tip:

2
No = LB 1.37(B).H/(3.) + (b, Wy,) Y.(K i/q,) (28)

;where 1, is the number of rotor-slots per pole per phase.

The adjustment of 14 to be equal to 14, can be done by the ad-
justment of X, ,eqs.(21);through the adjustment of N+ The ad-
Justment process of }Ez ,which can be stablished by affecting
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its two components through either h42 or (Ki)s=1’ depends on
wheather Id is greater than Ido or smaller.

As the calculations have been started with B3=0.5, the correspon-
ding (Ki}8=1 is able to be increased or decreased by having an

other suitable value of B ; in order to get the counter effect
on I,. In case of Id>Ido ,it is more simpler to increase h42 in

order to diminish Id. Therefore,h42 is assumed to have ,initia-

lly, a minjmum value of 0.5 mm, Of course,the starting-torque
ratio STR affects to a great extent the value of I3 compared
with Ido .

3.4 Degign Procedure (Continuation)

The design-steps can be continued now to obtain the proper slot
- and bar-dimensions:

4 th Step:

1. Use the preliminary bar-dimensions to obtain bi ,€q.(25),
then determine Bi .

2. Determine (Ki)s=1 ,eq.(26), For this purpose either y(Bi)
or y(B) can be determined by eq.{24).
3. Determine )Eg ,€q.(28), which will be added to the speci~

fic permeances of the settled leakage paths in both machine
-gides., Thereby Xi then Id can be determined.

5 th Step:

1. Compare I4 with I, . If 1, is tolerated within +0.5 amp
from Ido , accept the preliminary bar- and slot-dimensions
to be the proper dimensions.

2., If Id>1do' :

(a)Modify the second term in A, to be larger by enlarging
h,, by & suitable increment,then go back to point (4) in

the 4 th step and process forward.
(b)If the upper limit of h42 (=% mm) is reached and I, 1s

atill greater than I, , modify the first term in ?%2
$o be larger through increasing (Ki).s=1l . For this pur-

pose decrease B3 by an increment of 0.01, then go back
to point {3) in the second step and process forward., In
this case, B is not allowed to be leses than 0.3 .

3. If Id< Ido :

Modify the first term in AIZ to be smaller through dec-
reasing (Ki] 1 For this® purpose,increase 3 by an in-
crement of* 7 '0.01, then go back to point (3) in the
second step and process forward.
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4.0 DIGITAL PROGRAM ARD RESULTS

A digital program 1s written on the basls of the above discussed
design concept, As mentioned before the design process assumes
settled electrical design of the stator-side for a given output.
The program gives the proper dimensilons of a group of rotor-bars
corresponding to an extended rang of STR. In addition,it gives
for each starting-torque ratio the corresponding SCR,B,(KrJB_1,

(K1) g10Ta01Ta180, 500401 se0d Iy o

The program is tested through the determination of the group of
rotor-bars which may be suitable for a 500-kW, 6000-V, 50-Hz,
125-rpm motor and corresponds to a range of STR = 0.5 0.1 2.5 .

The results show that for this motor,the range of STR can be
exiended from 0.5 to 2.0 . Figure (85 ghows the variations of
some results: SCR , (Kr)5=1' H , and (Ki)s=1 with the pogsible

range of STR, It is observed for the normal ramge 0.5&STRLI.O
that Id 1s greater than Ido . Consequently,the adjusment of Id

is possible by the controlling of h42 o This height changes from
h42 = 5 mm at STR = 0.5 ,t0 reach a minimum value of 0.5 mm at

STR = 1.0 . In this case SCR and B are hold constant at 3.5 and
0.5 ,respectively., It is seen for this range of STR ,Fig.(8),
that either (Kr)s=1 or H varies linearly,

Por higher starting-torque ratios 1.0&LSTRL2.0 , I; is almost

smaller than Ido; In this case,the adjustment of Id is possible

if SCR and B are allowed to increase. At first,the wedge-ratio
B is allowed to increase. It follows that the resulting bar-
height H may be greater than its maximum value, Consequently,
SCR is allowed to increase 1n order to keep H within its prob-
able value. It may be happen in this range of STR,that Id is

glightly greater than Ido due to the increase of SCR. In this
cage a small increase in h42 adjusts Id to 1ts proper value,

It is seen 1in Fig.(8) that the starting-current ratio,SCR, is
slightly increasing in the range 1,0 STRK1.3. Thereafter,it

will increase linearly to reach 4.3 at STR = 2,0 , while 8 , H
, and (Kr)a=1 are nearly canstant.

The results show also that for STR greater than 2.0 , 1t is not
posaible for this motor-example to adjust Id yand at the same

time to maintain B8 , SCR ,and H within their accepted limits,.

5.0 CORCLUSIONS

The presented computer aided design of wedge-type rotor-bars
makes it possible to find the probable range of starting-torque
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ratio,5TR,for a three-phase deep-bar rotor induction motor for
8 given out-put power., This range is assumed to begin at 5TR=0.5
sincreasing in steps of 0,1 ., It is found for a 500-kW motor
that the corresponding range of STR can be extended to become
0.5&STRK2.0 ; which is normally 0.5 STRK 1.2 . The second
half of this range is obtained on the expense of a small increase
in the proposed starting-cuurent ratio,which increases from 3.5
at STR=1.2 to about 4.3 at STR=2.0 . Accordingly,the starting
torque can be doubled while the corresponding Increase in the
starting-current is about 23 % from its initial value.

For each value within the probable range of STR , the computer
program yields the relevant dimensions of the required rotor
-bar and =slot as well as a group of check figures.
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